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ON NASH APPROXIMATION OF COMPLEX ANALYTIC SETS
IN RUNGE DOMAINS
JANUSZ ADAMUS AND MARCIN BILSKI
Abstract. We prove that every complex analytic set X in a Runge domain
Ω can be approximated by Nash sets on any relatively compact subdomain Ω0
of Ω. Moreover, for every Nash subset Y of Ω with Y ⊂ X, the approximating
sets can be chosen so that they contain Y ∩ Ω0. As a consequence, we derive
a necessary and sufficient condition for a complex analytic set X to admit a
Nash approximation which coincides with X along its arbitrary given subset.
1. Introduction and main results
A basic problem in complex analysis is to approximate holomorphic maps by
algebraic ones. Classical results here are the Runge approximation theorem and
the Oka-Weil approximation theorem. These theorems have been generalized in
many directions (see [11], [12], [13], [14], [18], [19], [20], [25], [27] and references
therein).
The problem of algebraic approximation of holomorphic maps has a natural gen-
eralization in complex analytic geometry. Namely, one can ask whether a complex
analytic set can be approximated by algebraic sets or by branches of algebraic sets
(called Nash sets). In the case when the analytic set under consideration has only
isolated singularities (or, even, is non-singular) the latter question is closely re-
lated to the classical problem of transforming an analytic set onto a Nash one by a
biholomorphic map (see [3], [11], [19], [24], [26]).
The situation is quite different when the singular locus is of higher dimension.
Then there exist germs of complex analytic sets which are not biholomorphically
equivalent to any germ of a Nash set (see [31]). In general, only topological equiva-
lence of analytic and Nash set germs holds true (cf. [21]). Nevertheless, by [5] and
[7], every analytic subset X of D×Cp of pure dimension n with proper projection
onto D, where D ⊂ Cn is a Runge domain, can be approximated by (branches of)
algebraic sets of pure dimension n. (This immediately implies that every analytic
set admits a local algebraic approximation.)
The first goal of the present paper is to prove the following fundamental theorem,
which strengthens the approximation results of [5] by showing that it is not neces-
sary to require that X have a proper projection onto some Runge domain in Cn.
Moreover, for every Nash subset Y contained in X , the approximating sequence
(Xν)ν∈N can be chosen so that Y ⊂ Xν for all ν. (See Section 2 for the definitions
and basic properties of the notions used below.)
The research was partially supported by Natural Sciences and Engineering Research Council
of Canada (J. Adamus) and NCN (M.Bilski).
1
2 JANUSZ ADAMUS AND MARCIN BILSKI
Theorem 1.1. Let Ω be a Runge domain in Cq, and let X be a complex analytic
subset of Ω of pure dimension n. Let Y be a Nash subset of Ω such that Y ⊂ X.
Then, for every open Ω0 relatively compact in Ω, there exists a sequence (Xν)ν∈N
of Nash subsets of Ω0 of pure dimension n converging to X ∩ Ω0 in the sense of
holomorphic chains and such that Xν ⊃ Y ∩ Ω0 for all ν.
Given a complex analytic setX in a Runge domain, denote byNA(X) the class of
those sets R ⊂ X for which X admits a Nash approximation along R. Theorem 1.1
immediately implies that R ∈ NA(X) provided R is contained in a Nash set Y
with Y ⊂ X . A natural question is whether the latter condition characterizes the
class NA(X). In Section 4 we show that this is indeed the case. Moreover, using
the results of [1], we show that the class NA(X) contains all the semialgebraic sets
contained in X (a family strictly larger than that of Nash sets contained in X).
Theorem 1.2. Let Ω be a Runge domain in Cq. Let X be a complex analytic subset
of Ω of pure dimension n, and let R be an arbitrary subset of X. The following
conditions are equivalent:
(i) For every open Ω0 relatively compact in Ω, there exists a sequence (Xν)ν∈N
of Nash subsets of Ω0 of pure dimension n converging to X ∩ Ω0 in the
sense of holomorphic chains and such that Xν ⊃ R ∩ Ω0 for all ν.
(ii) For every open Ω0 relatively compact in Ω, there exists a sequence (Xν)ν∈N
of Nash subsets of Ω0 of pure dimension n converging to X ∩ Ω0 locally
uniformly and such that Xν ⊃ R ∩ Ω0 for all ν.
(iii) For every open Ω0 relatively compact in Ω, there exists a semialgebraic set
S such that R ∩ Ω0 ⊂ S ⊂ X.
(iv) For every point a in the Euclidean closure of R in Ω, there is a semialgebraic
germ Sa such that Ra ⊂ Sa ⊂ Xa.
(v) For every open Ω0 relatively compact in Ω, there exists a Nash set Y in Ω0
such that R ∩ Ω0 ⊂ Y ⊂ X.
(vi) For every point a in the Euclidean closure of R in Ω, there is a Nash germ
Ya such that Ra ⊂ Ya ⊂ Xa.
The equivalence of conditions (ii) and (vi) above is related to the so-called holo-
morphic closure of R at a point. Holomorphic closure of real analytic and semialge-
braic sets has been studied in [1] and [2] and has been used to develop CR geometry
in the singular setting. The above theorem can be regarded as a characterization
of germs Ra whose holomorphic closure is contained in a Nash subgerm of Xa.
Namely, the latter holds precisely when X can be approximated locally uniformly
along R by Nash sets in a neighbourhood of a.
In the following section, we recall basic definitions and facts used throughout
the paper. Theorems 1.1 and 1.2 will be proved in Sections 3 and 4, respectively.
Results on Nash approximation of analytic sets can be used, in particular, for
approximation of holomorphic functions. We give an application of this kind in the
last section.
2. Preliminaries
2.1. Analytic subsets of domains of holomorphy. The following proposition
is well known (see, e.g., [16], p. 192).
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Proposition 2.1. Let Ω ⊂ Cq be a domain of holomorphy, let A be an analytic
subset of Ω, and let a ∈ Ω \A. Then, there exists f ∈ O(Ω) such that A ⊂ f−1(0)
and f(a) 6= 0.
As an immediate consequence of Proposition 2.1, one obtains that analytic sub-
sets of a domain of holomorphy can be described by global analytic functions.
Theorem 2.2. Let Ω ⊂ Cq be a domain of holomorphy and let A be an analytic
subset of Ω. Then, there are f1, . . . , fm ∈ O(Ω) such that A = {z ∈ Ω : f1(z) =
. . . = fm(z) = 0}.
2.2. Runge domains and polynomial polyhedra. A domain of holomorphy
Ω ⊂ Cq is called a Runge domain if every function f ∈ O(Ω) can be uniformly
approximated on every compact subset of Ω by polynomials in q complex variables.
We say that a set P is a polynomial polyhedron in Cq if there exist polynomials
f1, . . . , fs ∈ C[Z1, . . . , Zq] and real constants c1, . . . , cs such that
P = {z ∈ Cq : |f1(z)| ≤ c1, . . . , |fs(z)| ≤ cs} .
Let us recall a straightforward consequence of Theorem 2.7.3 and Lemma 2.7.4
from [16].
Theorem 2.3. Let Ω ⊂ Cq be a Runge domain. Then, for every open Ω0 ⋐ Ω
there exists a compact polynomial polyhedron P ⊂ Ω such that Ω0 ⊂ P .
(Here and throughout, we use the shorthand notation A ⋐ B to indicate that A
is a relatively compact subset of B.)
2.3. A division theorem. The following result is a simplified version of a division
theorem of [17].
Theorem 2.4 (cf. [17, Cor. 2.10.3]). Let Ω ⊂ Cq be a domain of holomorphy.
Let F = (F1, . . . , FN ) : Ω → CN be a holomorphic mapping with F 6= 0 and let
µ = min{q,N − 1}. Then, for any G ∈ O(Ω) with ‖|G| · ‖F‖−(2µ+1)‖L2(Ω) < +∞
there exist u1, . . . , uN ∈ O(Ω) such that G = u1F1 + . . .+ uNFN .
Corollary 2.5. Let D be any domain in Cq and let Ω ⋐ D be a domain of holo-
morphy. Let F = (F1, . . . , FN ) : D → CN be a holomorphic mapping with F 6= 0.
Then, for any G ∈ O(D) with {F1 = . . . = FN = 0} ⊂ {G = 0}, there are m ∈ N
and u1, . . . , uN ∈ O(Ω) such that Gm = u1F1 + . . .+ uNFN on Ω.
Proof. The facts that {F1 = . . . = FN = 0} ⊂ {G = 0} and Ω is relatively compact
in D immediately imply that, for m ∈ N large enough, ‖|Gm| · ‖F‖−(2µ+1)‖L2(Ω) <
+∞, where µ = min{q,N − 1}. Hence the assertion follows from Theorem 2.4. 
2.4. Nash sets. By a Nash set (resp. germ, function, etc.) we shall always mean
a complex Nash set (resp. germ, function, etc.), in the following sense. Let Ω be
an open subset of Cq and let f be a holomorphic function on Ω. We say that f is
a Nash function at ζ ∈ Ω if there exist an open neighbourhood U of ζ in Ω and
a polynomial P ∈ C[Z1, . . . , Zq,W ], P 6= 0, such that P (z, f(z)) = 0 for z ∈ U .
A holomorphic function on Ω is a Nash function if it is a Nash function at every
point of Ω. A holomorphic mapping ϕ : Ω → CN is a Nash mapping if each of its
components is a Nash function on Ω.
A subset X of Ω is called a Nash subset of Ω if for every ζ ∈ Ω there exist
an open neighbourhood U of ζ in Ω and Nash functions f1, . . . , fs on U , such that
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X∩U = {z ∈ U : f1(z) = · · · = fs(z) = 0}. A germXζ of a setX at ζ ∈ Ω is a Nash
germ if there exists an open neighbourhood U of ζ in Ω such that X ∩U is a Nash
subset of U . Equivalently, Xζ is a Nash germ if its defining ideal can be generated
by convergent power series algebraic over the polynomial ring C[Z1, . . . , Zq]. A
detailed exposition of complex Nash sets and mappings can be found in [28]. Let
us only recall here a useful characterisation of irreducible Nash sets:
Theorem 2.6 (cf. [28, Thm. 2.10, Thm. 2.11]). Let X be an irreducible Nash subset
of an open set Ω ⊂ Cq. Then, there exists an algebraic subset Z of Cq such that X
is an analytic irreducible component of Z∩Ω. Conversely, every analytic irreducible
component of Z ∩ Ω is an irreducible Nash subset of Ω.
(Since irreducible components of a Nash set are Nash, an irreducible Nash set is
simply a Nash set which is irreducible as a complex analytic set.)
2.5. Semialgebraic sets. Identifying Cq with R2q, one can speak of semialgebraic
sets and functions in Cq. Quite generally, let M be a finite-dimensional R-vector
space. A choice of base for M gives a linear isomorphism ψ : Rm →M , where m =
dimM . We say that a function f : M → R is a polynomial function on M if there
exists P ∈ R[X1, . . . , Xm] such that (f◦ψ)(x) = P (x) for all x = (x1, . . . , xm) ∈ Rm.
Since linear base change is a polynomial mapping (with polynomial inverse), it
follows that the above definition is independent of the choice of base for M . We
say that a subset S of M is semialgebraic if S is a finite union of sets of the form
{x ∈M : f1(x) = · · · = fr(x) = 0, g1(x) > 0, . . . , gs(x) > 0} ,
where r, s ∈ N and f1, . . . , fr, g1, . . . , gs are polynomial functions on M . One easily
checks that the union and intersection of two semialgebraic sets are semialgebraic,
as is the complement of a semialgebraic set.
Let Ω and ∆ be open subsets of finite-dimensional R-vector spaces M and N
respectively. A mapping ϕ : Ω → ∆ is called a semialgebraic mapping if its graph
is a semialgebraic subset of M ×N . The Tarski-Seidenberg Theorem (see, e.g., [8,
Prop. 2.2.7]) ensures that the image (resp. the inverse image) by ϕ of a semialgebraic
subset of M (resp. N) is semialgebraic in N (resp. M). Apart from the above
facts, we will use the following properties of semialgebraic sets:
Remark 2.7.
(1) [8, Prop. 2.2.2]. If S is semialgebraic in M , then the topological closure and
interior of S in M are semialgebraic sets.
(2) [8, Thm. 2.9.10]. Every semialgebraic subset of M is a disjoint union of a
finite family of sets, each of which is a connected real analytic manifold and
a semialgebraic subset of M .
For a concise introduction to semialgebraic geometry, we refer the reader to [8,
Ch. 2] and [10].
2.6. Approximation of holomorphic maps into algebraic varieties. The fol-
lowing approximation theorem is due to Lempert [19].
Theorem 2.8 (cf. [19, Thm. 3.2]). Let Ω ⊂ Cq be a Runge domain and let Ω0 ⋐ Ω
be an open set. Let f : Ω → Cp be a holomorphic map that satisfies a system of
equations P (z, f(z)) = 0, for every z ∈ Ω, where P : Cq ×Cp → Cs is a polynomial
map. Then f |Ω0 can be uniformly approximated by a Nash map F : Ω0 → C
p
satisfying P (z, F (z)) = 0 for every z ∈ Ω0.
NASH APPROXIMATION OF COMPLEX ANALYTIC SETS IN RUNGE DOMAINS 5
2.7. Convergence of closed sets and holomorphic chains. Let U be an open
set in Cq. By a holomorphic chain in U we mean a formal sum A =
∑
j∈J αjCj ,
where αj are nonzero integers and {Cj}j∈J is a locally finite family of pairwise
distinct irreducible analytic subsets of U (see [9], [29]; cf. [4]). The set
⋃
j∈J Cj
is called the support of A and is denoted by |A|, whereas the Cj are called the
components of A with multiplicities αj . The chain A is called positive if αj > 0 for
all j ∈ J. If all the components of A have the same dimension n then A is called an
n-chain.
Below we introduce convergence in the sense of holomorphic chains in U . To
do this, we will need first the notion of the local uniform convergence of closed
sets: Let X and {Xν}ν∈N be closed subsets of U . We say that the sequence (Xν)
converges to X locally uniformly when the following two conditions hold:
(l1) For every a ∈ X there exists a sequence (aν) such that aν ∈ Xν and aν
converges to a in the Euclidean topology on Cq.
(l2) For every compact subsetK of U such thatK∩X = ∅, one hasK∩Xν = ∅
for almost all ν.
Then we write Xν → X . (For the topology of local uniform convergence, see [30].)
Let now Z and {Zν}ν∈N be positive n-chains in U . We say that the sequence
(Zν) converges to Z, when:
(c1) |Zν | → |Z|, and
(c2) For every regular point a of |Z| and every submanifold T of U of dimension
q−n transversal to |Z| at a and such that T is compact and |Z| ∩T = {a},
one has deg(Zν · T ) = deg(Z · T ) for almost all ν.
Then we write Zν ֌ Z. (By Z · T we denote the intersection product of Z and
T (see, e.g., [29]). Observe that the chains Zν · T and Z · T for sufficiently large
ν have finite supports and the degrees are well defined. Recall that for a chain
A =
∑d
j=1 αj{aj}, deg(A) =
∑d
j=1 αj .)
The following lemma from [29] asserts that if |Zν | → |Z| then for convergence of
chains Zν ֌ Z it suffices that the condition (c2) be satisfied on a dense subset of
the regular locus of |Z|.
Lemma 2.9. Let n ∈ N, and let Z and {Zν}ν∈N be positive n-chains in U . If
|Zν | → |Z|, then the following conditions are equivalent:
(i) Zν ֌ Z
(ii) For every point a from a given dense subset of the regular locus Reg(|Z|),
there exists a submanifold T of U of dimension q − n transversal to |Z| at
a and such that T is compact, |Z| ∩ T = {a} and deg(Zν · T ) = deg(Z · T )
for almost all ν.
Let now X and {Xν}ν∈N be analytic sets of pure dimension n in an open U in
Cq. We say that the sequence (Xν) converges to X in the sense of (holomorphic)
chains when the sequence (Zν) of n-chains converges to the n-chain Z, where Z and
{Zν}ν∈N are obtained by assigning multiplicity 1 to all the irreducible components
of X and {Xν}ν∈N respectively.
2.8. Holomorphic closure. Finally, let us recall the notion of holomorphic clo-
sure. Let S be an arbitrary non-empty subset of Cq and let a ∈ S. By Noetherianity,
there exists a smallest (with respect to inclusion) germ of a complex analytic set at
a which contains the germ Sa. It is called the holomorphic closure of S at a, and
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is denoted Sa
HC
. For a systematic study of holomorphic closure of real analytic
and semialgebraic sets, see [2] and [1] respectively. Here, we shall only need the
following fundamental observation:
Proposition 2.10 ([1, Prop. 1]). The holomorphic closure of a semialgebraic set
S at a point a ∈ S is a Nash germ.
3. Approximation of analytic sets by Nash sets
We prove in this section our main result, Theorem 1.1. We begin with an auxil-
iary proposition, which can be viewed as a global variant of the Ru¨ckert Lemma.
Proposition 3.1. Let Ω be a domain of holomorphy in Cq and let X be a nonempty
irreducible analytic subset of Ω of dimension n < q. Then, there are g1, . . . , gq−n,
h1, . . . , hp ∈ O(Ω) and a nowhere-dense subset E of X such that the following hold:
(i) X = {g1 = . . . = gq−n = h1 = . . . = hp = 0}
(ii) For every a ∈ X \ E there is a neighbourhood U of a in Ω such that
{g1 = . . . = gq−n = 0} ∩ U = X ∩ U
and (g1, . . . , gq−n)|U is a submersion.
Proof. First let us prove the following
Claim. If Z is an irreducible analytic subset of Ω such that X  Z, then for
every ζ ∈ Reg(X) ∩ Reg(Z) there is g ∈ O(Ω) such that X ⊂ {g = 0} and
(dζg)|TζReg(Z) 6= 0.
Fix an arbitrary ζ ∈ Reg(X) ∩ Reg(Z). By irreducibility of the sets X and Z,
one has dimzX < dimz Z for every z ∈ X . Therefore, there are a neighbourhood
V of ζ in Ω and u ∈ O(V ) such that X ∩ V ⊂ {u = 0} and (dζu)|TζReg(Z) 6= 0.
Let J (X) denote the full sheaf of ideals of X on Ω (see, e.g., [15]). By Cartan’s
Theorem A, the global sectionsH0(Ω,J (X)) generate J (X)z for all z ∈ Ω (cf. [15],
p. 243). Consequently, there are f1, . . . , fm ∈ O(Ω) with X ⊂ {f1 = . . . = fm = 0}
and there are v1, . . . , vm holomorphic in some neighbourhood of ζ in Ω such that
uζ = v1ζf1ζ+. . .+vmζfmζ . Since (dζu)|TζReg(Z) 6= 0, there must be g ∈ {f1, . . . , fm}
such that (dζg)|TζReg(Z) 6= 0, which completes the proof of the claim.
Let us return to the proof of the proposition. Without loss of generality, one can
assume that Ω is connected. Set Z1 = Ω. Then, by Claim, there is g1 ∈ O(Ω) such
that X ⊂ {g1 = 0} and (dζ1g1)|Tζ1Reg(Z1) 6= 0 for some ζ1 ∈ Reg(X) ∩ Reg(Z1). It
follows that ζ1 ∈ Reg(X) ∩ Reg(Z1 ∩ {g1 = 0}).
Let Z2 be the irreducible component of Z1∩{g1 = 0} containing X . If q−n > 1,
then X  Z2 and Reg(X) ∩ Reg(Z2) 6= ∅. By Claim, there exists g2 ∈ O(Ω) such
that X ⊂ {g2 = 0} and (dζ2g2)|Tζ2Reg(Z2) 6= 0 for some ζ2 ∈ Reg(X) ∩ Reg(Z2).
Then, again, ζ2 ∈ Reg(X) ∩ Reg(Z2 ∩ {g2 = 0}), and hence there exists a unique
irreducible component of Z2 ∩ {g2 = 0} containing X ; call it Z3. If q− n > 2, then
X  Z3 and Reg(X) ∩ Reg(Z3) 6= ∅ and Claim can be applied again. We repeat
this procedure until we get Z1, Z2, . . . , Zq−n and g1, g2, . . . , gq−n.
Clearly, X is the unique irreducible component of Zq−n ∩{gq−n = 0} containing
X . Moreover, Theorem 2.2 implies that there are h1, . . . , hp ∈ O(Ω) such that X =
{g1 = g2 = . . . = gq−n = h1 = . . . = hp = 0}. Set E = Sing(X) ∪
⋃q−n
j=1 (Ej ∩ X),
where Ej = Sing(Zj) ∪ {z ∈ Reg(Zj) : (dzgj)|TzReg(Zj) = 0}. By construction,
g1, . . . , gq−n and E have all the required properties. 
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We are now ready to prove our approximation theorem. Let Ω be a Runge
domain in Cq, let X be a complex analytic subset of Ω of pure dimension n, and
let Y be a Nash subset of Ω with Y ⊂ X .
Proof of Theorem 1.1. Fix an open Ω0 ⋐ Ω. We want to find a sequence (Xν)ν∈N
of Nash subsets of Ω0 of pure dimension n converging to X ∩ Ω0 in the sense of
chains and such that Xν ⊃ Y ∩ Ω0 for all ν.
Since irreducible components of X can be approximated separately, X can be
assumed irreducible. One can also assume that X is nonempty and X  Ω. The
proof will be divided into three steps according to the properties of the Nash set
Y .
Step 1. First, suppose that Y = ∅.
By Proposition 3.1, we can fix g1, . . . , gq−n, h1, . . . , hp ∈ O(Ω) and a nowhere-dense
subset E of X with the following properties:
• X = {g1 = . . . = gq−n = h1 = . . . = hp = 0}
• For every a ∈ X \ E, there is a neighbourhood U of a in Ω such that
{g1 = . . . = gq−n = 0} ∩ U = X ∩ U and (g1, . . . , gq−n)|U is a submersion.
Let Θ be the union of all irreducible components of {g1 = . . . = gq−n = 0}
different from X . By Proposition 2.1, one can choose f ∈ O(Ω) such that
(3.1) Θ ⊂ {f = 0} and f does not vanish identically on X.
Let Ω′ ⋐ Ω be a Runge domain with Ω0 ⋐ Ω
′. By Corollary 2.5, there is a positive
integer t and there are αi,j ∈ O(Ω′) such that
(3.2) f thti =
q−n∑
j=1
αi,jgj , for i = 1, . . . , p ,
on Ω′. Theorem 2.8 implies that there are sequences (fν), (hi,ν), (gj,ν), and (αi,j,ν)
of Nash functions on Ω0 approximating f |Ω0 , hi|Ω0 , gj|Ω0 , and αi,j |Ω0 , respectively,
and such that, for every ν ∈ N,
(3.3) f tνh
t
i,ν =
q−n∑
j=1
αi,j,νgj,ν , for i = 1, . . . , p .
For ν ∈ N, define X˜ν = {g1,ν = . . . = gq−n,ν = h1,ν = . . . = hp,ν = 0}, and
let Xν be the n-dimensional part of X˜ν (i.e., the union of all the n-dimensional
irreducible components of X˜ν). We shall prove that (Xν)ν∈N converges to X ∩ Ω0
in the sense of chains.
First let us show that (Xν) converges to X ∩ Ω0 locally uniformly (i.e., that
(l1) and (l2) of Section 2.7 are satisfied). The condition (l2) is immediate. In-
deed, for any compact K ⊂ Ω0 with K ∩ X = ∅, we have infz∈K(
∑q−n
i=1 |gi(z)| +∑p
j=1 |hj(z)|) > 0. Consequently, infz∈K(
∑q−n
i=1 |gi,ν(z)| +
∑p
j=1 |hj,ν(z)|) > 0 for
ν large enough, hence X˜ν ∩K = ∅.
As for (l1), the density of X \ (E∪{f = 0}) in X implies that it suffices to check
whether for every a ∈ X \ (E ∪{f = 0}) there is a sequence (aν) with aν ∈ Xν and
limν→∞ aν = a. Fix a ∈ X\(E∪{f = 0}), and setX ′ν := {g1,ν = . . . = gq−n,ν = 0},
for ν ∈ N. Recall that (g1, . . . , gq−n) is a submersion in some neighbourhood V of
a such that X ∩ V = {g1 = . . . = gq−n = 0} ∩ V . Shrinking V if needed, one can
assume that (g1,ν , . . . , gq−n,ν)|V also is a submersion, for almost all ν. For such ν,
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X ′ν∩V is then an n-dimensional complex analytic manifold and one can readily find
a sequence (aν), aν ∈ X ′ν , convergent to a. Notice however that X
′
ν∩V = Xν∩V for
ν large enough: Clearly, Xν ∩ V ⊂ X ′ν ∩ V for any ν. On the other hand, it follows
from (3.1) that, for ν large enough, we have fν |X′ν 6= 0. For every such ν, the hi,ν
(i = 1, . . . , p) vanish identically on X ′ν ∩ V , by (3.3), and hence X
′
ν ∩ V ⊂ Xν ∩ V ,
as required.
To complete the proof of the theorem in the case when Y = ∅, it remains to
check that X∩Ω0 and (Xν)ν∈N satisfy condition (c2) of Section 2.7. By Lemma 2.9,
it suffices to show that, for every a ∈ X \ (E ∪{f = 0}), there exists a submanifold
T of Ω0 of dimension q − n transversal to X at a and such that T is compact,
X ∩ T = {a} and Xν ∩ T is a singleton for all but finitely many ν. Fix a point
a ∈ X \ (E ∪ {f = 0}). Choose a neighbourhood V of a in the same way as in the
previous paragraph. Let L be the q − n dimensional affine subspace of Cq normal
to X at a. It is now clear that any sufficiently small open ball T ⊂ V ∩ L centered
at a satisfies the above requirements.
Step 2. Suppose now that Y is a Nash set of pure dimension d.
Shrinking Ω if necessary, one can assume that Y has finitely many irreducible
components. We shall construct a system of equations such that if g1,ν , . . . , gq−n,ν ,
and h1,ν , . . . , hp,ν , in addition to (3.3), satisfy that system (together with some
other functions), then Y ∩ Ω0 ⊂ Xν .
By Theorem 2.6, one can choose an algebraic subset Z of Cq of pure dimension
d such that Y is the union of certain analytic irreducible components of Z ∩ Ω.
Let Σ be the union of all analytic irreducible components of Z ∩ Ω which are not
contained in Y . By Proposition 2.1, there is f¯ ∈ O(Ω) such that
(3.4) Σ ⊂ {f¯ = 0} and f¯ does not vanish identically
on any irreducible component of Y.
Let g¯1, . . . , g¯r be polynomials in q complex variables such that Z = {g¯1 = . . . =
g¯r = 0}. Let g1, . . . , gq−n, h1, . . . , hp be the functions describing X and let Ω′ ⋐ Ω
be a Runge domain such that Ω0 ⋐ Ω
′, as in Step 1 of the proof.
Corollary 2.5 implies that there is an integer u and there are βk,j , γk,i ∈ O(Ω′)
such that, in addition to (3.2), we have
f¯uguj =
r∑
k=1
βk,j g¯k, for j = 1, . . . , q − n, and
f¯uhui =
r∑
k=1
γk,ig¯k, for i = 1, . . . , p.
By Theorem 2.8, there are sequences (fν), (hi,ν), (gj,ν), (αi,j,ν), (f¯ν), (βk,j,ν), and
(γk,i,ν) of Nash functions on Ω0 approximating f |Ω0 , hi|Ω0 , gj|Ω0 , αi,j |Ω0 , f¯ |Ω0 ,
βk,j |Ω0 , and γk,i|Ω0 , respectively, such that
f¯uν g
u
j,ν =
r∑
k=1
βk,j,ν g¯k, for j = 1, . . . , q − n, and(3.5)
f¯uν h
u
i,ν =
r∑
k=1
γk,i,ν g¯k, for i = 1, . . . , p.
By Step 1, one can also assume that (3.3) holds for every ν ∈ N.
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Then, as proved in Step 1, the n-dimensional part Xν of X˜ν = {g1,ν = . . . =
gq−n,ν = h1,ν = . . . = hp,ν = 0} approximates X ∩ Ω0 in the sense of chains.
Moreover, by (3.5), Y ∩ Ω0 ⊂ X˜ν , but we still do not know whether Y ∩ Ω0 ⊂ Xν
for almost all ν ∈ N. To ensure the latter inclusion we shall need some additional
polynomial relations fulfilled.
First observe that Y ∩ Ω0 can be assumed to have a finite number of analytic
irreducible components (if this were not the case, one can replace Ω0 with a slightly
larger polynomial polyhedron which is a relatively compact subset of Ω′). Next,
after a linear change of coordinates in Cq if needed, one can assume that Z as a
subset of Cq = Cn×Cq−n has proper projection onto Cn, and that for every analytic
irreducible component Y˜ of Y ∩Ω0 there is a polydisc D1×D2 ⊂ Ω0 ⊂ Cn×Cq−n
such that Y˜ ∩ (D1 ×D2) 6= ∅ and X ∩ (D1 ×D2) has proper projection onto D1.
Let Zˆ denote the image of the projection of Z onto Cn. Clearly, Zˆ is an algebraic
set of pure dimension d and there are polynomials w1, . . . , ws in n complex variables
such that Zˆ = {w1 = . . . = ws = 0}. Let Xˆ ⊂ Ω denote the d-dimensional part of
X ∩ (Zˆ × Cq−n).
By Step 1 of the proof, we know that Xˆ∩Ω0 can be approximated by Nash subsets
of Ω0 of pure dimension d. More precisely, there are polynomials Q1, . . . , QN and
there are F1, . . . , FM , τ1, . . . , τR ∈ O(Ω) such that:
• Xˆ = {F1 = . . . = FM = 0} and Qj(F1, . . . , FM , τ1, . . . , τR) = 0 for j =
1, . . . , N .
• For all sequences (F1,ν), . . . , (FM,ν), (τ1,ν), . . . , (τR,ν) of Nash functions on
Ω0 approximating the restrictions F1|Ω0 , . . . , FM |Ω0 , τ1|Ω0 , . . . , τR|Ω0 , re-
spectively, and such that Qj(F1,ν , . . . , FM,ν , τ1,ν , . . . , τR,ν) = 0 for j =
1, . . . , N, the d-dimensional parts of the sets {F1,ν = . . . = FM,ν = 0}
approximate Xˆ ∩ Ω0 in the sense of chains.
By Proposition 2.1, one can choose F¯ ∈ O(Ω) with the following properties: F¯
vanishes identically on every irreducible component S ofX∩(Zˆ×Cq−n) with S 6⊂ Xˆ,
and F¯ does not vanish identically on any irreducible component of Xˆ . Corollary 2.5
then implies that there is an integer v and there are Gl,j , Hl,i,Wl,k ∈ O(Ω′) such
F¯ vF vl =
q−n∑
j=1
Gl,jgj +
p∑
i=1
Hl,ihi +
s∑
k=1
Wl,kwk, for l = 1, . . . ,M .
By Theorem 2.8, there are Nash approximations of all the functions which we
have approximated so far satisfying (3.3) and (3.5), and there are Nash approxima-
tions (F¯ν), (Fl,ν), (τ1,ν), . . . , (τR,ν), (Gl,j,ν), (Hl,i,ν), and (Wl,k,ν ) of F¯ |Ω0 , Fl|Ω0 ,
τ1|Ω0 , . . . , τR|Ω0 , Gl,j |Ω0 , Hl,i|Ω0 , and Wl,k|Ω0 , respectively, such that
Qj(F1,ν , . . . , FM,ν , τ1,ν , . . . , τR,ν) = 0 for j = 1, . . . , N,
and
(3.6) F¯ vν F
v
l,ν =
q−n∑
j=1
Gl,j,νgj,ν +
p∑
i=1
Hl,i,νhi,ν +
s∑
k=1
Wl,k,νwk, for l = 1, . . . ,M.
We claim now that Y ∩ Ω0 is contained in the n-dimensional part Xν of X˜ν =
{g1,ν = . . . = gq−n,ν = h1,ν = . . . = hp,ν = 0} for ν large enough. Suppose that
this is not the case. Then, one can choose an irreducible component Y˜ of Y ∩ Ω0
which is not contained in Xν for infinitely many ν ∈ N.
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For this Y˜ , choose a polydisc D1 × D2 ⊂ Ω0 ⊂ Cn × Cq−n as above. Then
Y˜ ∩ (D1 ×D2) 6= ∅ and X ∩ (D1 ×D2) has proper projection onto D1. Shrinking
D1 and D2 if needed, one can additionally assume that Zˆ ∩ D1 is a connected
d-dimensional complex analytic manifold, that X ∩ (Zˆ × Cq−n) ∩ (D1 × D2) =
Y˜ ∩ (D1×D2), and that Y˜ ∩ (D1×D2) is a manifold such that over every point in
Zˆ ∩D1 there is precisely one point in Y˜ ∩ (D1 ×D2).
Finally, we may assume that infD1×D2 |F¯ | > 0. Indeed, since Y˜ ∩ (D1 ×D2) is
of pure dimension d, it follows that X ∩ (Zˆ ×Cq−n)∩ (D1 ×D2) = Xˆ ∩ (D1×D2).
But F¯ does not vanish identically on any irreducible component of Xˆ, so shrinking
D1 ×D2 we get infD1×D2 |F¯ | > 0.
Set E˜ν := X˜ν ∩ (Zˆ×Cq−n)∩ (D1×D2). Now, by (3.5), we know that Y˜ ∩ (D1×
D2) ⊂ E˜ν for ν large enough. Note also that each X˜ν (for ν large enough) has
irreducible components of dimension at most n. Therefore, if Y˜ 6⊂ Xν , then over a
generic point in Zˆ ∩D1 there are at least two points in E˜ν .
On the other hand, by the fact that infD1×D2 |F¯ν | > 0 for ν large enough, and
by (3.6), we have E˜ν ⊂ {F1,ν = . . . = FM,ν = 0} ∩ (D1 ×D2). Consequently, the
d-dimensional part of {F1,ν = . . . = FM,ν = 0} ∩ (D1 ×D2) does not converge to
{F1 = . . . = FM = 0} ∩ (D1 × D2) = Y˜ ∩ (D1 × D2) in the sense of chains; a
contradiction.
Step 3. Now, let Y be an arbitrary Nash subset of Ω contained in X .
Let Y = Y0 ∪ . . . ∪ Ydim(Y ) be the equidimensional decomposition of Y . Fix j ∈
{0, . . . , dim(Y )}. By Step 2 of the proof, there is a system (Tj) of polynomial
equations satisfied by a system (s) of holomorphic functions, such that:
• (s) contains the functions g1, . . . , gq−n, h1, . . . , hp
• For every system (sν) of Nash functions sufficiently close to those from (s)
on Ω0, and satisfying (Tj), the following holds: The n-dimensional part
Xν of X˜ν = {g1,ν = . . . = gq−n,ν = h1,ν = . . . = hp,ν = 0} approximates
X∩Ω0 and Yj ⊂ Xν (ν ∈ N), where g1,ν, . . . , gq−n,ν , h1,ν , . . . , hp,ν are Nash
functions from (sν) approximating g1, . . . , gq−n, h1, . . . , hp, respectively, on
Ω0.
Theorem 2.8 allows one to approximate the systems of functions simultaneously
for all j ∈ {0, . . . , dim(Y )} in such a way that the corresponding systems of polyno-
mial equations are satisfied, which implies that we can obtain the sequence (Xν)ν∈N
with all the required properties. 
4. Geometric obstruction to Nash approximation along a subset
In the present section, we study the question of Nash approximation of a com-
plex analytic set along its arbitrary subset. Our interest originally developed from
considerations of pairs (X,R) of a complex analytic set X and its real analytic
subset R, but it turned out that the approximation question is independent of the
real analytic structure of R. Instead, it depends on the holomorphic closure of
R. The following proposition characterizes a local geometric obstruction to Nash
approximation.
Proposition 4.1. Let X be a complex analytic subset of an open set U in Cq, and
let R be an arbitrary subset of X. For every point a ∈ R, the following conditions
are equivalent:
NASH APPROXIMATION OF COMPLEX ANALYTIC SETS IN RUNGE DOMAINS 11
(i) There is an open neighbourhood V of a in U and a sequence (Xν)
∞
ν=1 of Nash
sets in V locally uniformly convergent to X ∩ V and such that Xν ⊃ R∩ V
for all ν.
(ii) There is a semialgebraic germ Sa at a such that Ra ⊂ Sa ⊂ Xa.
(iii) There is a Nash germ Ya at a such that Ra ⊂ Ya ⊂ Xa.
Proof. For the implication (i)⇒ (iii), suppose that V is an open neighbourhood of
a in U and (Xν)
∞
ν=1 is a sequence of Nash sets in V convergent to X ∩ V locally
uniformly on V , and such that Xν ⊃ R∩V for all ν. We will show that there exists
a Nash set Y in V such that Ra ⊂ Ya ⊂ Xa.
For a proof by contradiction suppose there is no such Y . Then the smallest
(with respect to inclusion) Nash subset of V containing R ∩ V , call it Z, is not a
subset of X ∩ V . On the other hand, for every ν, Xν ∩ Z is a Nash subset of V
containing R ∩ V . We claim that, for ν large enough, Xν ∩ Z is a proper subset of
Z, thus contradicting the minimality of Z. Indeed, choose a point b ∈ Z \X . The
set X being closed in U , there is a positive ǫ such that Bǫ(b)∩X = ∅, where Bǫ(b)
denotes the Euclidean ball with radius ǫ centered at b ∈ Cq. The problem being
local, one can assume without loss of generality that (Xν) converges to X∩V in the
sense of Hausdorff metric (cf. [22] and Section 2.7). Hence, for ν large enough, the
Hausdorff distance between X ∩V and Xν is less than ǫ/2, and so B ǫ
2
(b)∩Xν = ∅
for all such ν. In particular, b ∈ Z \Xν so that Xν ∩ Z  Z.
The implication (iii) ⇒ (ii) is immediate, since every Nash germ is a germ of a
semialgebraic set, by [8, Prop. 8.1.8].
As for (ii) ⇒ (i), suppose that there is a semialgebraic germ Sa at a such that
Ra ⊂ Sa ⊂ Xa. By Proposition 2.10, the holomorphic closure of Sa is a Nash germ,
say Ya. Since, by definition, Ya is the smallest complex analytic germ containing
Sa, it follows that Ya ⊂ Xa. In other words, locally near a, R is contained in a Nash
subset Y of X . Now, by Theorem 1.1 (in fact, here it suffices to use [6, Thm. 1.1]),
there exists a neighbourhood V of a in U and a sequence (Xν)
∞
ν=1 of Nash subsets
of V convergent locally uniformly to X ∩ V and such that Xν ⊃ Y ∩ V for all ν;
hence property (i) holds. 
Let us now turn to the proof of Theorem 1.2. As asserted by the theorem,
the global obstruction to Nash approximation of a complex analytic set along its
arbitrary subset is of the same nature as the local one.
Proof of Theorem 1.2. We shall prove that the following sequence of implications
holds: (i)⇒ (ii)⇒ (v)⇒ (vi)⇒ (iv)⇒ (iii)⇒ (i).
The implications (i)⇒ (ii) and (v)⇒ (vi) are trivial. As for (vi)⇒ (iv), it is an
immediate consequence of the fact that every Nash germ is a germ of a semialgebraic
set, by [8, Prop. 8.1.8].
For the proof of (iv)⇒ (iii), fix a relatively compact open subset Ω0 of Ω. Under
the assumptions of (iv) one can find a finite open covering {V1, . . . , Vs} of Ω0 such
that, for every j = 1, . . . , s, Vj contains a subset Sj semialgebraic and satisfying
R ∩ Vj ⊂ Sj ⊂ X ∩ Vj . Then S = S1 ∪ · · · ∪ Ss is a required semialgebraic set.
The implication (iii)⇒ (i) follows from Theorem 1.1 and Proposition 4.2 below.
Finally, for the proof of (ii) ⇒ (v), we proceed by contradiction: Suppose that
there is an open Ω0 ⋐ Ω such that no Nash subset of Ω0 which contains R ∩ Ω0 is
contained in X . Let Z be the smallest (with respect to inclusion) Nash subset of
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Ω0 which contains R ∩ Ω0. Then Z 6⊂ X ∩ Ω0. Now, let (Xν)∞ν=1 be a sequence of
Nash subsets of Ω0 that exists by property (ii) of the theorem. As in the proof of
Proposition 4.1, one shows that for ν large enough the set Xν ∩Z is a Nash subset
of Ω0 containing R ∩ Ω0 and properly contained in Z. This contradicts the choice
of Z, which completes the proof of the theorem. 
The following result is a global analogue of Proposition 2.10.
Proposition 4.2. Let Ω be an open subset of Cq and let X be complex analytic in
Ω. For every semialgebraic S contained in X, there exists a Nash set Y in Ω such
that S ⊂ Y ⊂ X.
Proof. By semialgebraic stratification (Remark 2.7(2)), it suffices to consider the
case when S is a semialgebraic connected real analytic closed submanifold of an
open subset of Ω.
Then, by Proposition 2.10, there exist an open set V ⊂ Ω and an irreducible
Nash subset N of V , such that S∩V is a nonempty connected manifold and S∩V ⊂
N ⊂ X . By Theorem 2.6, one can choose an irreducible complex algebraic set Z
in Cq such that N ⊂ Z and dimN = dimZ. By irreducibility of N , there exists a
unique analytic irreducible component of Z ∩Ω which contains N ; call it Y . Then,
by Theorem 2.6 again, Y is a Nash set. Moreover, we have S ⊂ Y ⊂ X . Indeed,
Y is an irreducible complex analytic set whose nonempty open subset contains a
nonempty open subset of S and is contained in X. The inclusions thus follow from
the Identity Principle. 
Remark 4.3. The above proposition is closely related to the problem of finding a
global holomorphic closure of a given set. It is important to notice that in Propo-
sition 4.2, one cannot expect that Sa
HC
= Ya at every point a ∈ S. That is, in
general, it may happen that Sa
HC
is a proper subgerm of Ya at some a ∈ S, for
every choice of a Nash set Y satisfying the conclusion of the proposition, as can be
seen in the following example. On the other hand, if in addition S is coherent, then
its global holomorphic closure exists in some neighbourhood of S (that is, possibly
after shrinking Ω), by [23, Thm. 1.1].
Example 4.4. Let ϕ : C \ {±i} → C2 be given as
ϕ(ζ) =
(
ζ2 − 1
ζ2 + 1
,
2ζ(ζ2 − 1)
(ζ2 + 1)2
)
.
Set S′ := {ζ = x + iy : (x − 4/3)2 + y2 = 1/9}, and S := ϕ(S′). Then S is
a connected irreducible (even smooth) semialgebraic real analytic set in C2, and
since ϕ parametrizes the irreducible algebraic curve
Y = {(z, w) ∈ C2 : z4 − z2 + w2 = 0} ,
it follows that Y is the smallest Nash subset of Ω = C2 that contains S. However,
the germ Y(0,0) consists of two irreducible components and only one of them is the
holomorphic closure of S(0,0).
As an example of application of Proposition 4.2 and Theorem 1.2, we give here a
criterion for existence of approximations of a holomorphic map along a given subset
of its domain. For w = (w1, . . . , wm) ∈ C
m, set ||w|| = maxj=1,...,m |wj |.
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Theorem 4.5. Let U be a Runge domain in Cn, let F : U → Cm be a holomorphic
mapping, and let A be an arbitrary subset of U . The following conditions are
equivalent:
(i) For every open V ⋐ U and ǫ > 0, there exists a Nash mapping H : V → Cm
which coincides with F on A ∩ V and such that ‖H(z)− F (z)‖ < ǫ for all
z ∈ V .
(ii) For every open V ⋐ U , there exist a semialgebraic set T with A∩V ⊂ T ⊂ U
and a semialgebraic mapping G : T → Cm such that F |T ≡ G.
Proof. Set Ω := U × Cm, X := {(z, F (z)) : z ∈ U}, and R := {(z, F (z)) : z ∈ A}.
Clearly, X is of pure dimension n. Given an open V relatively compact in U , there
is MV > 0 such that ‖F (z)‖ < MV for all z ∈ V , and so
ΩV := V × {w = (w1, . . . , wm) ∈ C
m : |wj | < MV , j = 1, . . . ,m}
is a relatively compact open subset of Ω.
With this terminology, condition (ii) of the theorem is now equivalent to saying
that for every ΩV as above there is a semialgebraic set S such that R∩ΩV ⊂ S ⊂ X .
The implication (ii)⇒ (i) thus follows from Proposition 4.2 and [25, Thm. 3.6]. (Of
course, it could be also derived from Theorem 1.1.)
Condition (i), on the other hand, implies that for every open Ω0 ⋐ Ω, X ∩ Ω0
can be approximated locally uniformly along R∩Ω0 by a sequence (Xν)ν∈N of Nash
subsets of Ω0 of pure dimension n. Therefore, (i) ⇒ (ii) is a consequence of the
implication (ii)⇒ (iii) in Theorem 1.2. 
Theorem 4.5 can be used, in particular, for Nash approximation of holomorphic
extensions of a given map. Indeed, the theorem characterizes those pairs (F, f) of
a holomorphic extension F of a given map f for which F can be approximated by
Nash mappings each of which extends f .
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